It is well known that a simple closed-form formula exists for the stationary distribution of the workload in M/GI/1 queues. In this paper, we extend this to the general stationary framework. Namely, we consider a work-conserving single-server queueing system, where the sequence of customers' arrival epochs and their service times is described as a general stationary marked point process, and we derive a closed-form formula for the stationary workload distribution. The key to our proof is two-fold: One is the Palm-martingale calculus, that is, the connection between the notion of Palm probability and that of stochastic intensity. The other is the preemptive-resume last-come, firstserved (LCFS-PR) discipline.
Introduction
The stationary distribution of the workload in single-server queues (that is, the amount of remaining service time in the system or the virtual waiting time under the first-come, firstserved (FCFS) discipline) is much important not only in the queueing theory itself but also in the risk theory. For the M/GI/1 queue, it is well known that a simple closed-form formula exists for the stationary workload distribution (see, e.g., Prabhu [10] ), that is,
where V (0) denotes the workload in steady state and ρ is the traffic intensity. Also, F where µ −1 is the mean service time. In this paper, we extend this to the general stationary framework. Namely, we consider a work-conserving single-server queueing system, where the sequence of customers' arrival epochs and their service times is described as a general stationary marked point process, and we derive a closed-form formula for the stationary workload distribution. The formula is a counterpart of (1) in the stationary framework and characterizes the relation between the (conditional) service time distribution and the stationary workload distribution. The key to our proof is two-fold: One is the Palm-martingale calculus, that is, the connection between the notion of Palm probability and that of stochastic intensity via Papangelou's formula ( [9] and also [3] ). In a related work, Guillemin and Mazumdar [4] study the stationary distribution of the excursions of workload in G/GI/1 queues also via the Palm-martingale approach, but the obtained expression is quite different. The other key is the preemptive-resume last-come, first-served (LCFS-PR) discipline. Although the workload process remains the same under any work-conserving service discipline, the LCFS-PR discipline has rich features and has been studied in the literature (e.g., [11, 12, 13] ).
In the following, the basic setting and notations used throughout are described in Section 2. The main theorem and its proof are then given in Section 3, where some corollaries are also obtained.
Basic setting and notations
We consider a single-server queueing system, where all random elements are defined on a common probability space (Ω, F , P). On (Ω, F ), a family of measurable shift operators {θ t } t∈R exists and satisfies P • θ −1 t = P for t ∈ R, that is, {θ t } t∈R is stationary in P. Let N denote a point process on (R, B(R)) representing the time epochs at which customers enter the system and {T n } n∈Z be the corresponding point sequence satisfying
that is, N is P-a.s. simple and locally finite. Let S n (∈ R + ), n ∈ Z, denote the service time required by the customer who enters the system at T n . We assume that {(T n , S n )} n∈Z is compatible with {θ t } t∈R in the sense that
Due to the stationarity of the shift operators, {(T n , S n )} n∈Z then forms a stationary marked point process on the real line with the mark space (R + , B(R + )). We further assume that the intensity of N is positive and finite, that is, λ = E[N((0, 1])] ∈ (0, ∞). Then, the Palm probability with respect to (N, P, θ t ) is defined by
where 1 A is the indicator of event A (see, e.g., Baccelli and Brémaud [1] ). The corresponding expectation is denoted by E 0 N . Note that P 0
The traffic intensity of the queueing system is given by ρ = λ E 0 N [S 0 ]. Let V (t) (∈ R + ) denote the workload in the system at time t. Without any loss of generality, we assume that {V (t)} t∈R is right-continuous with left-limits. Since we consider the workconserving service discipline, the workload V (t) between two successive entering epochs is described by Lindley's equation;
where x + = max(x, 0). It is well known that, under the stability condition ρ < 1, there exists a unique and P-a.s. finite workload process which is jointly stationary with {(T n , S n )} n∈Z (Loynes [7] ), and in the following, we take {V (t)} t∈R as such one. Then, it is also known that P(V (0) = 0) = 1 − ρ. In addition, we introduce another supplementary variable L(t) (∈ Z + ), called the phase at time t. The phase process {L(t)} t∈R is defined as L(t) = 0 whenever V (t) = 0, and L(t) steps up by 1 at every customer's arrival epoch and steps down by 1 when the workload process first goes back to the level which is seen just before the customer's arrival, that is,
where we assume that {L(t)} t∈R is right-continuous with left-limits. Note that, for
and {L(t)} t∈R corresponds with the queue length process under the preemptive-resume last-come, first-served (LCFS-PR) discipline. For the discussion in the next section, we define the stochastic intensity kernel associated with the marked point process {(T n , S n )} n∈Z . Let {F t } t∈R denote a history to which
. By the definition, the queueing process {(V (t), L(t))} t∈R is also adapted to {F t } t∈R . We assume that the point process N admits the F t -stochastic intensity {λ (t)} t∈R , that is P-a.s. locally integrable and satisfies
where we can assume that {λ (t)} t∈R is F t -predictable (see Brémaud [2] ). We further assume that {F t } t∈R is compatible with {θ t } t∈R , that is, θ t F s = F s−t , and the service time S 0 has the conditional distribution with respect to F 0− = σ ( t<0 F t ) such that
This allows us to consider the case where the service time distribution of a customer depends on the past queueing behavior until his/her arrival. Then, F t -stochastic intensity kernel of {(T n , S n )} n∈Z is given by {λ (t) dF 0 (x) • θ t } t∈R and λ (0) dF 0 (x) is F 0− -measurable (see [1] and also [6] ).
The stationary workload distribution
In this section, we first prove the main theorem of the paper:
For the work-conserving single-server queueing system described in the previous section,
where G (0) = 1 [0,∞) and G (k) , k = 1, 2, . . ., is recursively given by
or equivalently,
From this theorem, we can see that the stationary workload distribution depends on the stochastic intensity kernel only through the conditional expectation given the instantaneous values of workload and phase.
Proof. Since the phase L(t) is equal to the queue length at t under the LCFS-PR discipline, we discuss the proof in the context under this discipline. Note that, under the LCFS-PR discipline, the customer in service is the newest entering one. When L(t) > 0, let R(t) denote the remaining service time of the customer in service at time t, and when L(t) = 0, R(t) = 0. For k ∈ Z + and x, y ∈ R + , let
We first consider the relation between P(A(k − 1, x)) and P(B (k, x, y) ). Let N k−1,x denote the point process consisting of the customers' entering epochs immediately before which the queue is in A(k − 1, x) , that is,
The corresponding point sequence , x) ). Since the queueing process is stationary and λ is finite, λ k−1,x is also positive and finite. Let P 0 k−1,x denote the Palm probability with respect to N k−1,x and let E 0 k−1,x be the corresponding expectation. Applying the Palm inversion formula to P (B(k, x, y) ), we have
Note here that, under the LCFS-PR discipline, for
t B(k, x, y) = customer 0 is in service and his/her remaining service time is not greater than y at time t
Namely,
where a ∧ b = min(a, b) (see Figure 1) . Thus, since P 0
Now, consider to transform the last expression in terms of the Palm probability P 0 N into the expression in terms of the time-stationary probability P via the stochastic intensity kernel. Due to the definition (2) of the conditional distribution F 0 with respect to F 0− ,
Figure 1: A sample path of the workload process in a work-conserving single-server queue.
is also F 0− -measurable, applying Papangelou's formula ( [9] and also [3] ) into (4),
Thus, we have
Noting that P(A(0, x)) = 1 − ρ, we have inductively,
Finally, summing up the above over k = 0, 1, 2, . . ., we complete the proof.
From Theorem 1, we immediately obtain the following corollary, where W n denotes the actual waiting time of the customer who enters the system at T n .
Corollary 1. Consider the same system in Theorem 1. (i) Under the FCFS discipline, the stationary waiting time distribution is given by
(ii) Under the LCFS-PR discipline, the stationary queue length distribution is given by
Proof. (i) Since W 0 = V (0−), P 0 N -a.s. and V (0−) is F 0− -measurable, the formula (6) is readily obtained by Papangelou's formula λ P 0
(ii) Since the queue length under the LCFS-PR discipline is equal to the phase, the formula (7) is straightforward by letting both x and y to infinity in (5).
Remark 1.
Under the lack of bias assumption (LBA), which is known as the necessary and sufficient condition for ASTA (arrivals see time averages) property (see, e.g., [3] and [8] ), we have clearly F(y) ), where F(x) = E 0 N [F 0 (x)] = P 0 N (S 0 ≤ x) and the latter comes from Papangelou's formula. Thus, both the formulas (3) and (6) readily reduce to the formula (1) for M/GI/1 queue. Similarly, ∞ 0 E[λ (0) (1 − F 0 (x)) | L(0) = i] dx = ρ if and only if the stochastic intensity kernel is independent of the queue length under the LCFS-PR discipline. Hence, the stationary queue length formula (7) reduces to the geometric distribution as is well known for the LCFS-PR M/GI/1 queue (see Kelly [5] ). In other words, this gives a necessary and sufficient condition under which the stationary queue length distribution under LCFS-PR is geometric. (3) and (7) also correspond, respectively, to formulas (38) and (27) in Takine [12] , where the LCFS-PR queue with multiple Markovian arrival stream (MAS) inputs is thoroughly studied. As we have seen, the LCFS-PR discipline plays a key role in the proof of Theorem 1 and thus, the similar discussions could be considered by our Palm-martingale approach, too.
Remark 2. Formulas

